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Propagation of moments and uniqueness of weak solution to 
Vlasov-Poisson-Fokker-Planck system 

Ze Li^, and Lifeng Zhao^ 


Abstract. In this paper, we prove the uniqueness of weak solution to Vlasov-Poisson-Fokker- 
Planck system in C'([0, T]; L^), by assuming the solution has local bounded density which trends 
to infinite with a “reasonable” rate as t trends zero. And particularly as a corollary, we get 
uniqueness of weak solution with initial data /o satisfying /o|up G L^, which solves the unique¬ 
ness of solutions with finite energy. In addition, we prove that the moments in velocity propagate 
for any order higher than 2. 

Keywords. Vlsov-Poisson-Fokker-Planck system, weak solution, uniqueness, propagation of 
moments 
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1 Introduction and main results 

In this paper, we study three dimensional Vlsov-Poisson-Fokker-Planck system(VPFP), namely 

dtf + v ■ dxf + E ■ dyf - l3diYy{vf) - aA^f = 0, 
fiO) = fo{x,v), 

E{t,x) =±^j^*p{t,x), 

. P{t,x) = Jj^3f{t,x,v)dv. 

Here, /3 > 0, and u > 0 are given constants. In this system, function f{t,x,v) is the unknown 
micro-density and describes the density of particles having position x G and velocity u G 
at time t > 0 in the phase space. The function E{t, x) generated by macroscopic density p{t, x) 
is called Coulombic or Gravitational force held, and can be implicitly expressed by 

-Aay = ±p = iop, E =-dxV. 

The sign a; = 1 corresponds to the Coulombic interaction whereas the sign oj = —1 described 
the gravitational interaction between the particles. Finally, the term —/3div^(u/) corresponds to 
the friction effects in the huid, and the term —A^f describes grazing collisions between particles 
when colliding. 

Before gonging to details, we give a summary of the researches on Vlasov-Poisson and VPFP 
system. In the classical Vlasov-Poisson case, namely /3 = 0, cr = 0, P.L. Lions and B. Perthame 
[3] proved that /o G L^P|L°°, \v\'^fQ G L^, for some m > 3, implies the existence of a solution 
f{t,x,v) satisfying \v\'^f G for all t. Uniqueness was also considered in [3], roughly speaking 
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they proved that a Lipschitz condition for initial data conld lead to the uniqueness of weak 
solution. For smooth data, K. Paffelmoser [1] proved the global existence and uniqueness of 
the smooth solution with compact support to Vlaosv-Poisson system. Gerhard Rein [S] is a 
nice review for classical solutions to Vlasov-Poisson equation. Based on optimal transportation, 
Gregoire Loeper ^ proved uniqueness by assuming density p{t) G 

In the VPFP case, u > 0. F. Bouchut [T] proved the existence of weak solution to Vlsov- 
Poisson-Fokker-Planck system when the initial data satisfies /o G and |r’|™'/o G L^, 

for some m > 6. Furthermore, F. Bouchut [1] proved uniqueness of mild solutions in the 
space f{t,x,v) G C{[0,T]-, L^), E(t,x) G F. Bouchut’s proof relied on a similar technique 
introduced in P.L. Lions and B. Perthame [3], but the regularizing effect of the diffusion term 
— Ajjf was also essential there. F. Bouchut [2] discovered the smoothing effect which says |r^P/o G 
and/o G ncan lead to FI(t, x) G F“^((0, T]; M®), more precisely, \\E{t,x)\\L°° < t~'^ for 
t > 0 and some 7 > 0. F. Castella [7j built solutions to this system having infinite kinetic energy, 
namely |x|"/o G L^, a G (0,2). Moereover, [7] also proved the smoothing effect mentioned just 
above. A. Carpio [ 8 ] studied the long time behavior of VPFP, and proved the solution scatters 
to the linear VPFP system. 

From now on, we focus on uniqueness. As we mentioned, in VPFP case. The uniqueness for 
solutions with bounded E{t,x) has been established by F. Bouchut [l]. And in Vlaosv-Poisson 
case, namely /3 = 0, cr = 0, Gregoire Loeper [ 6 ] proved uniqueness for solutions with p{t) G L°°. 

In this paper, for VFPP eqaution, we try to remove the bounded-ness assumptions in both [T] 
and [ 6 ]. In fact, we will prove uniqueness for ||P/ 9 (t,x)|| 1^00 < 00 , \\t>^E(t,x)\\ < 00 , for some 

7 > 0, /U > 0. And due to the smooth effect mentioned above, the local bounded assumptions of 
p and E we used here are naturally satisfied. Besides, we emphasize that it is known that when 
the initial data /o|n|”^ G L^, for some m > 6, then E is bounded, thus in this case result in [T] is 
enough to give a uniqueness theory; however, the uniqueness of solution with initial data with 
moments in v less than 6 remains an open problem; the most important case of uniqueness is 
the 2 -order moment case, which lies in the energy level, and our result solves it. 

Besides uniqueness, the other interesting problem is whether the moment propagates or not. 
In the Vlasov-Poisson case, P.L. Lions and B. Perthame [3] proved the moments higher than 
three propagate; Christophe Pallard [9] showed any moment higher than two-order preserves. 
In VPFP case, F. Bouchut [T] proved moments bigger than six propagates. Since 2-order is the 
energy level, which of course preserves, the remaining problem is does moment from two to six 
propagate? In this paper, we give a positive answer to this problem. 

One of the essential ingredients of our proof is the approximating proposition, namely Propo¬ 
sition 2.9, which aims to relax the conditions of test functions in the definition of weak solution. 
It says that a rough solution to a degenerate parabolic linear equation with singular coefficients 
can be approximated by Schwartz solutions in space. The proof relies on the duality argu¬ 
ments, which reduce the problem to the uniqueness of the dual linear equation. While using 
duality method, we apply Fourier truncation technique to overcome some difficulties originating 
from the fact that we are dealing with rough solutions for which integration by parts or other 
flexibility fails. 

After establishing the approximating proposition, although we can take any rough function, 
if we like, to be the test function, but when we deal with two weak solutions, this proposition 
is not enough to provide us the same convenience. That is why Proposition 3.3 is needed. 
This proposition says weak solution in fact has some regularity in v variable, which is not too 
surprising, since when ct 7 ^ 0, VPFP has a diffusion term. Combining Proposition 2.9 and 
Proposition 3.3, we successfully low down the regularity requirements of test functions and can 
choose them freely. 
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Another essential ingredient in our proof is the choosing of a proper norm to obtain a Gronwall 
inequality. We hrst reduce the uniqueness of weak solution to the being zero of the two force 
fields generated by the two solutions which we suppose to exit. Then take an appropriate test 
function to obtain a Gronwall inequality, by which we can end the proof. 

In the paper, we only consider ct > 0. The definition of weak solution is the follows. 

Definition 1.1. A function f(t,x,v) is called the weak solution to VPFP, if for all (p{x,v,t) G 
T]; S'(M^ X R^)) with (p{T,x,v) = 0, it holds that 

/ f{dt^ + V ■ dx(p + E ■ dv<^—(3v ■ dyip + a/S.^Lp)dtdxdv 

JRxK3xR3 

+ / fo(p{0)dxdv = 0. (1.2) 

iR3xR3 


where S is the Schwartz class. 

The main theorems we obtain are the followings. 

On propagation of moments, we will prove 

Theorem 1.2. If the initial data fo satisfies /o(l + G /o G L°°, for some k > 2, then 
there exists a weak solution to VPFP system satisfying f{t){l + G L°°([0, T]; L^). 

For uniqueness, we have 

Theorem 1.3. If fo G > then there exists one and only one weak solution 

to VPFP system satisfying f{t,x,v) G C(\0,T]: L^) for any p G [l,oo), ||£'(t,x)|L < C, for 
r G (3/2,15/4), ||.F(t, x)||lco < C{T)t-^/fi and \\p{t,x)\\Li < C(T)t-27/io+9/2g^ each q G 
[5/3, oo]. 

The existence part follows from Theorem 1 in F. Bouchut [2]. And we mention that, in fact, 
F. Bouchut [1] proved uniqueness for mild solution in some sense, which is stronger than the 
weak solution we consider here. Finally, we point out that our proof of Theorem 1.3 in fact 
can be modified to prove uniqueness for weak solution with moment higher than ko, where ko is 
some number strictly less than two. 

This paper is arranged as follows. In section 2, we carefully study the linear problem. In 
section 3, we reduce the uniqueness problem to the being zero of the difference of the two force 
fields. In section 4, we deduce Theorem 1.3. In section 5, we prove Theorem 1.2. 

All the constants are denoted by C or Cj , j G N~^. They will change from line to line. And 
Cj are absolute constants. 

We use Ef to emphasize the force held is generated by micro-density /. 

The Fourier transform is denoted by E. Now we introduce the Fourier truncation operator 
and modifying operator as follows. Let <I> be an inhnitely smooth function compactly supported 
in the unit ball in R®, and equals 1 in the ball with radius Then dehne 

and Fourier truncation Pn,m = F^^^{^)^{^)Ex^v, and smooth modifying operator QkP = 
V *[o,T] Oik, where ak{t) is the standard modiher in R. 
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2 Linear problem 

Proposition 2.1. Consider the following equation 


dtip — V ■ dx'f’ + I3v ■ — aAv'ijj = 0 , 

there exists a fundamental solution G{x,v,t; xo,vo): 

g3/3t 


G = 


fi i exp{- 

{iTrfKaVDj 
- (^(1^(1 - <*.«> 

+ + 1 ^( 1 5^(1 

where D = ^ ^ x = x — {xq + — 1)), and v = v — voe^^. 

The calculations are standard, thus we omit the details. 

Lemma 2.2. Define 

rt 


Tf{x,v,t)= / G{x,v,t - T-,xo,vo)f{xo,vo,T)dxodvodT, 
Jo JRh 


then 


II^/WIIlp(r6) < C ||/('r)||z,p(R6)dr 
ll'9t;r/WllLp(R6) < cj^ (t-T)“2||/(r)||^p(R6)dr. 

Proof By Schur’s Lemma, (I2.3p is a consequence of the following elementary property. 


(12.41) is a result of the following inequality and (|2.3p : 

|5^G(x,u,t- t;xo,uo)| < G- - -^G{-,-,t - t-,—,—] 

[t — T) 

Proposition 2.3. Consider the following linear equation 

dtfj — V ■ dxip + fJv ■ dvtp — crA^V’ ~ • dv'ip = 0, 


(2.3) 

(2.4) 


/ G{x,v,t;xo,VQ)dxdv<ci; / G{x,v,t;xo,vo)dxodvo < C 2 - (2.5) 

Jrs Jr 6 


( 2 . 6 ) 


(2.7) 


assume H^^Hlooqq t]xJ?3) — then for small T, there exists a fundamental solution T which 

solves 


r(x, V, t] xo,vo,t) = G{x, v,t-T; Xq, Uq) 

rt 

+ I dv^G{x,v,t — s;xi,vi)E{s,xi)r{xi,vi,s;xo,vo,T)dxidvids 


( 2 . 8 ) 
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= — / / G{x,v,t — s]Xi,vi)E{s,xi)dv^T{xi,vi,s]XQ,VQ,T)dxidvids 

J T -/r® 

+ G{x,v,t- t;xo,uo). 


And 


\T{x,v,t-,xo,vo,T)\ < C{t - - r; y, y) 

|(9^r(x,t>,t;xo,?;o,T)| <-- r; 

(t - r) 10 ^ ^ ^ ^ 

Proof Define function space 


X=^g 

with norm 


g{x,v,t-xo,vo,T) < G{t - t) ^/^G(x/2,i;/2,t - t,xo/ 2 ,vo/ 2 ); 
dyg{x,v,t;xo,vo,T) < G{t - r)“ToG(x/2,i;/2,t - t,xo/ 2 ,vq/ 2 ). 


\x 


{t - T)^^^g{x,v,t;xo,vo,T) 


+ 


G{x/2, v/2, t -T, xo/2, vo/2) 

{t - rf^^^dygix, V, t; xq, uq, r) 


L°°([0,T]2xR12) 


G{x/2, u/2, t -T, xo/2, uo/2) 


L°°([ 0 ,T]^x 


= ll<7llx, + ll^llx. 


Then define 

E = {g:\\g\\^<R}. 

We will apply fixed-point principle to equation (j2.8|] in E. 
Let 


%(x,u,t;xo,uo,r 



dy^G{x, V, t 


s; xi,vi)E{s, xi)g{xi,vi, s; xq, uq, r)(ixiduids 


G{x,v,t - t;xo,vo) 


It is easy to see 


|%1 - %2|lxi 


< 


It /r 6 dv^G{x, v,t- S] xi,vi)E{s, xi)G(xi/2, xi/2, s - r, xo/2, vo/2)dxidvids 


{t - - r)^/^G(x/2, x/2, t - r, xo/2, xo/2) 

X C\\gi -52|lxi 

* G(x/2,u/2,t - s;xi/2,xi/2)G(xi/2,ui/2,s - t,xo/2,uo/2) 


< C 


If 

Jt XRf 


(t - r) - s)^/^G(x/2,x/2,t - t,xo/2,xo/2) 

X C'llfiii -52|lxi 

< C'llffi - ff2|lxi sup ' 


(t — — r) 


1/5 
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<CT^/^\\gi-g2\\x, 

where we have used (I2.6p and the following obvious equality 

/ G{xl2, v/2, t — s] xi/2, ui/2)G(xi/2, vi/2, s — t, xq/ 2, vo/2)dxidvi 

Jr6 

= G{xl2,vj2,t - t;xo/2,vo/2). 

And similarly, it holds that 


|%1 - %2 |Ix2 


< 


< 


< 


/ir6 d^dy^G{x,v,t - s]Xi,vi)E{T,xi){gi - g 2 ){xi,vi,s]x,v,T)dxidvi 
{t - r)“’^/^°G(x/2, v/2, t-T, xq/2, vq/2) 

* / ir 6 dyG{x,v,t- s;xi,vi)E{s,xi)d^j^{gi - g 2 ){xi,vi, s;x,v,T)dxidvi 

{t - r)“’^/^°G(x/2, v/2, t-T, xo/2, vq/2) 

* '■]r6G(x/2, v/ 2, t - s; xi/2, vi/2)G{xi/2, vi/2, s-t, xq/2, vq/2) 


I 
I 

It — s)^^‘^G{x/2,v/2, t — t, xq/2, vq/2) 

X C'llfi'i -5211x2 

(t —t)io 


ds 


ds 


ds 


<GT^/^gi-g2\\x, 

Follow the same arguments above, it is direct that 

||%||^<ci + crV2||5ll^. 


where ci is a number. 

Thus we have proved 9 is a contraction map in E, provided R is large enough, and T is small 
enough. Therefore, not only do we have proved the existence of solution to (|2.8p . but also we get 
the two estimates in Proposition 12.31 It is obvious T is just the fundamental solution considering 
the two estimates we obtain of T and the equation (12.81) . 

Remark 2.4. In Proposition 12.31 we only get the existence of P in a small interval [0, Ti]. But, 
we find in the proof above, Ti can be determined as an absolute constant. It is easy to see if 
Theorem 1.3 holds in [0,Ti], for some number Ti, then Theorem 1.3 holds for any lifespan [0,T]. 
Thus the local existence of fundamental solution is enough for our purpose. 


Remark 2.5. By similar arguments, we can prove 

(j 

|V„or(x,u,t;xo,uo,T)| < --yy^G(x/2,u/2,t;xo/2,uo/2), 

{t - 

in fact it follows from 

C 

\VyoG{x,v,t-,xo,vo,T)\ < - :^G{x/2,v/2,t-,xo/2,vo/2). 


(t-T) 
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Proposition 2.6. Suppose ||-E'(t,x)||oo < Ct . Consider 


dti) -V ■ + I3v ■ dyip - aA^'ijj - E ■ d^'ip = /, 

V'(O) = 0. (2.9) 

For any f G L°°{[0,T]-,L^f]LP), p > 2, there exits a solution ip G C{[0,T]; f] L^) to /fi?.,9|) . 
and 11 (9^'0(^) III/’’ < /o(^ “ ; for each 1 < r < p. Furthermore, smooth solutions 

are unique. 


Proof Define 


T 2 f{x,v,t) = f f 
Jo JRe 


r(x, V, t; xo, no, t)/(xo, no, T)dxodvodT. 


Then T 2 f{x,v,t) is just a solution to (|2.9p according to the definition of fundamental solution 
and Duhamel’s principle. 

From Proposition 12.31 and Proposition 12.21 we deduce 

ll^2/(t)|lLP(R6) < {t-Ty'^^^\\f{T)\\Lp(^R6/T (2.10) 

||9^,^2/(^)|lLP(R6) (i- T)"«||/(r)||^p(],j6)dT 


Thus the remaining part is the uniqueness. 

Suppose, there are two smooth solutions to (j2.9l) . and their difference is rj, then 


f dtr]-v- dxT] + fJv ■ dvT] - aA^r] - E ■ dvT] = 0, 

I ^( 0 ) = 0 


Taking inner product with r], using integration by parts, 

11^112 - Y ^ \\9vV\\l = 0 - 

As a consequence of Gronwall inequality, r] = 0. 

Remark 2.7. From Remark 12.51 if we define 


Tsg 


r(x, V, t] xo,vo,T)g{x, v)dxdv, 


then for p G [1, oo]. 


\\9vo'^3g\\L°°([0,T]-,LP) — C'llS'llp! 

II^39|Il°°([0,T];I,p) — ^llfl'llp- 

Remark 2.8. From the transformation t — >• T — t, all the results in this section can be extended 
parallel to the following equation, 

J dt^p + v- dx^p + E • dx^p - (3v ■ dxP> + aA^ip = f . . 

{yT)=0 

The corresponding fundamental solution will be denoted by Fi. 

And consider 


-dtp) - V ■ dxp) - E ■ dxP + Pv ■ dxip + aA^p = /. 


( 2 . 12 ) 


Similar discussions indicates the existence of fundamental solution, and we denote it as F 2 . 
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Proposition 2.9. Assume E(t, x) satisfies conditions in Theorem 1.3, then for any f G L°°([0, T]; L^), 
for any p G [l,oo], there exits a unique solution to equation i2.11\) . and a sequence of functions 
Pri £ C'°°([ 0 , r]; ^(M®) such that 

dtPn + V • dxqPn + E ■ d^ipn-l3v • dxfn + crA^vTn -> / in L^([0,T] x M®), 

(fn ^ T in (^([O, r]; L^(R®)) for p G [2, oo). 

Proof The existence of solution to (| 2 . 11 l) is included in Remark 12.81 For the existence of <pn, 
we split the proof into three steps. 

Stepl. Define Hilbert space H = L^([0,T] x M®), and a linear operator L with domain 
D{L) = {(^ G C'-([0,r]; 5(R®)) \p{T) = O} , 
where S is the Schwartz class, and 


Lip = dtp + V ■ dxP + E ■ dxP — fdv ■ d^p + 


Then 

{p G C^{[0,T]-,C^{R^)) |</,(0) = 0} C D{L*), 

thus L* is densely defined, and hence L is closeable. Define the closure of L as L, with domain 
D(L), then 

ITp = —dtp — V ■ dxP — E ■ dxP + fiv ■ d^p + a/S.vP- 
Now we introduce an auxiliary space Y' defined as the dual space of 


Y=\g 


(1 + I^Dd^l + |V5f| + |A„5f|) G , f \dvg\dv G 

JK3 


Then from IT p = /, we know 


dtp = - f -V ■ dxP - E ■ dyp + jdv ■ d^p + aA^p, 
thus since \\E\\^ is bounded in [0,T], it follows 


WdtpWyidt 

"T 


f 

= / sup / g{—f — V ■ dxP — E ■ dyp + /3n • d^p + aAyp)dtdxdv 
Jo ||g||y = lJR6 

T 

<C [ sup 11(1 + |u|)(|fi(| + \Vg\ + |A„5r|)||2||(/:3||2 + \\E ■ 9„5-||2||</?||2 + IlffHall/llaC^t 


r=l 


<C sup 11(1 + |u|)(|fi(| + |Vfi(| + |A^5r|)||2||(/:3||2 + ||T^ 


,=i 


\dvg\ dv 


2rl{r-2) 


+ ll5ll2ll/ll2C^* 

< C\\p\\L^([ 0 ,T]xR(i) + C'||/||l2qo^t]x_r6). 


Therefore p has a continuous correction in Y', without loss of generalization, we can assume 
peC{[0,Ty,Y'). 

Now we claimt if r/ G D(L*), then g G C{[0,T];Y'), and r/(0) = 0. The proof see Appendix A. 











Step 2. We claim ker(L*) = 0. Namely, if lL*rj = 0, then r/ = 0. 

The proof relies on Fourier truncation, uniqueness for smooth solution of ()2.12p . and fundamental 
solution. 

Apply Qk, Pn,m to lL*r] = 0, we find 

l-*QkPn,mV = -dxF~^dt^^FQkV + l3dyF~^d^^FQkV + QkPn,mE ■ d^rj - E ■ d^QkPn,raV- 
For each g E define 


/i ?6 


r 2 (x, V, t; xo,vo, T)g{x, v)dxdv = g{xo, vo, t, r). 


Then from Remark 12.71 we find WgWi^ < C, ||9Dofflli°° — E. 

Now from the uniqueness of smooth solution of (2.12) and the representation of QkPn,m'n via 
fundamental solution, we have 

{QkPn,m'n{t),9) - / gix,v)T 2 ix,V,t;Xo,Vo,0) {Pn,mQkri) Vo) 

J]r6 

= / g{x,v)dxdv / / T 2 {x,v,t;xo,vo,T){-dxQF~^dQ^FQk'g+ 

Jo 2 r® 

/Jdy^F EQ kV T Q kPn,mE • dy^Vj E ■ dyQ Pn^mQ k'n)J''^^^oJ'^0 

= f f g{xo,vo,t,T){-dxoF~^d(;^Fr] + pdyoF~^d(;^Fg+ 

Jo 2 r6 

QkPn,mE • dy^g E ■ dy^Pn^yfiQkd)dTdxodvo‘ 

Let fc —>■ oo, from Remark EH Bernstein’s inequality, and r/(0) = 0, we obtain 


{Pn,m'nit): d) I 

t 

-^BhWdh + Il^ll2hll2 


< 


f 


I Pn,mdyQg dy^g 

JR3 


T 11 ^) 2 , 


dvoQ 


1 -^ 112 ^^ 


< C'||r/||^2([o^T];L2) ^II9 |Iloo([0,T];L2) 2 m + 

+ \\Pn,m,g — ^IIl2([o,T];L2)II^do5|Iloo([o,T];L°°)- 
Let m — 00 , then n —>■ 00 , it follows 


Pn,mdvQ9 dvoddv 


L°°([0,T];L°°)^ 


lim {Pn,mg{t),g) = 0. 
n,m—>-oo 

Since Pn,mVit) —>■ g{t) in C'([0, T]; W), then g{t) = 0. 

Step 3. From Step2, we know (L*)“^ is a linear bounded operator from R(L*) to Z1(L*). 
Then (L*)“^ can be extended to R(L*) to I1(L*), then extended to S : H ^ H. 

We say f G H is a weak solution to (|2.1ip . if for any y E D{h*), it holds that 

{f,y) = {if,L*y). (2.13) 

It is obvious (f = S*f satisfies (I2.13p . thus we have given the other proof of the existence to 
p2.1ip . but this approach can reach further than existence. Another view to regard (I2.13p is 
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that ip is in the domain of L**. Since L* is closed, then L** = L. Therefore p E D(L). Since 
D{L) is the core of -D(L), form the definition of core, we find there exits a sequence of functions 
Pn £ C'°°([0, r]; such that 


^tPn T ^ * ^xPn~^^ * ^xPn * ^xPn T ^^vPn ^ f 

in L‘^{[0,T] X R®), 

Pn ^ p L^([0,T] X R®). 

The proof of uniqueness to the solution of (12.lip in C{[0,T];Y') is all the sane as the proof 
of /cerL* = 0. Thus all the discussions of the solution built in Remark 12.81 can be moved 
here. Then from ()2.10p . we have —;■(/? in (^([O, T]; L^(R®)), and by interpolation, pn 
p in C'([0,T];LP(R®)) for any p E [2,oo). 

Remark 2.10. Proposition [3] enables us to take the solution to (12.lip as a test function in 
Definition 1.1, by a limit argument. 


3 Reduce the problem to Ey^ = 0 


From now on, we suppose there are two solutions fi and /2 satisfying the conditions in Theorem 
1.3. And define w = fi — f 2 - 

Lemma 3.1. 

II f ^iy)-r — ^EWoo < c. 

JM? [x — y\ 

Proof It is a result of ||Fi||p < C, for p E (|, ^). In fact. 


/ E(y)-^LJEdy 

Ir 3 \x-y\ 


< 




E{y)-^L^dy 


\x - 2 / 1 '^ 


+ 




E{y)-^LJEdy 


|x - y\' 


<\\E{y)l 


\x-y\>l 


\x - yr 


+ ll^(y)IL 


\x-y\<l 


\x - vY 


<C\\E{y)\l + C\\E{y)\L 


where 1 < r < 3 and p > 3. 

Define the non-negative smooth function 6 satisfying 6{t) = 0 for |t| > 1, and = 1. 

Let Ss,e{t) = 

Lemma 3.2. If f{t) E C{[0,T]), then 

lim [ f{t)6s,eit)dt = f{s) 

Proof The proof is direct and omitted. □ 

Proposition 3.3. If f is a weak solution in Definition 1.1, /o E E, E satisfies the conditions 
in Theorem 1.3, then we actually have dyf E ([0,T];L^), where p = ^ • 
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Proof It suffices to prove 


sup 

gGC-([0,T]xR6),||g||^j,([Oj,,.^2)=l 



f2dvgdtdxdv < C. 


(3.14) 


Consider equation, 


dt^p + V ■ dx^p + Ef^ ■ dyip - I3v ■ dyip + a/S.yip = dyg. (3.15) 

From Remark 12.101 we can take pt in (I3.15P as the test function in Definition 1.1. 

We can prove the solution to ()3.15p is unique as the proof of ker(L*) = {0}. From the represen¬ 
tation of solution via fundamental solution, we have 


||(y9(0,X,u)||. 




< c 


Fi(x, u, 0; XQ,VQ,T)dy^^g{T, xo,VQ)dxQdvQ 


dvQ Fi(x, V, 0; xo,vo,T)g{T, xo,vo)dxodvo 


[ T f G{x/2,v/2,t;xo/2,vo/2)g{T,xo,vo)dxodvo 
JT 4 r 6 


< C / r-7/i°||5(T) 


--7/10 


Lp'([o,r])' 


Namely, 

Then from (1.2), we have proved (I3.14p . the proposition follows. 


2<C. 


Lemma 3.4. 


\w 


1,2 


= 0 if and only if Ey, = 0. 


Proof From the Definition 1.1, for any test function p, we know 

rT 


IQ 


/ w{dtp+v ■ dxP + Ef^ ■ dyp — jdv ■ dyp + aAyp)dtdxdv 

= — / f 2 Ew ■ dypdxdvdt 

Jo 4 r 6 


Consider the following equation, 

dtp + V ■ dxP + Ef^ ■ dyp - jdv ■ dyp + aAyp = w, 


(3.16) 


(3.17) 


And from Proposition 2.7, there exists a sequence of Schwartz test functions pn-, such that 
dtPn + V ■ dxPn + Ef^ ■ dyPn - /3u • ByPn + crAyPn w in 

Pn^ p in C'([0,T];L®). 


11 


























Take ipn as the test function in (I3.16p . then from 


/ / / 2 -Eto • {dv<fn - djjip)dtdxdv 

Jo 

/ / dyf 2 ■ E^{tpn - ip)dtdxdv 

Jo Jr3 


< ll<9j;/2|lLP'([0,r];L2)l|-E'«)|lLP([0,T];L3)||¥5n IIl°o([0,T];L6), 

where p > 10/3, and Proposition 13.31 let n —oo, we have 

rT 


hll 2 < 


If 

Jo Jr- 


f2Ew ■ dvpdtdxdv 


Thus the problem reduces to E^ = 0. 


4 Proof of theorem 1.3 

Define = $(x/m,u/m), and = ^m{x,v) E{y) then from Lemma 3.1, 

\^~y\ 

||??m||cxD < C. consider the following equation 

dtPm T V • dxPm T E• dxPm /3u • dx^ra T 


with solution 


Prn{t,X,v)= / Ti{x,V,t\XQ,VQ,T)5sfi{T)rim{xQ,VQ)dXQdvodT. 


Similar to the proof of Proposition 13.31 by a limit argument, we can choose pm as the test 
function in Definition 1.1. 

Define 

D(x,u,t,r)= / dxTi{x,v,t-,xo,vo,T)rjmixo,vo)dxodvo, 
then from (j2.5p . (12.6h . Proposition 12.31 and bounded-ness of \\r]m\ 




IL°°(K 6 ) — 

< C{t - t)~^ 

The estimate of p{t), and (14.181) . yield 


we obtain 


G{^, ^)rimixo,vo)dxodvo 


[ G{^,l,t-T-,^,^)dxodvo 
Jr 6 ^ 4 


2 ' 2 


/ / /2-Eto • dy(pmdtdxdv 

Jo ./r6 

/ dt f2Ew- / dyri{x,v,t-,xo,vo,T)6s,e{T)rjm{xo,vo)dTdxodvo 
Jo ./R6 Jt 4R6 

[ 5 s,e{T)d 

Jo 


X dt f2Ew ■ ^dxdv 


(4.18) 
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< 


< 


[ 5sfi{T)di 

Jo 


cx)ll-®«'ll2 


/ 


/2 


dt 


f 5s,e{T)dT f (t-r) ^^'^°\\E^{t)\\ 2 dt 

Jo Jo 

Letting 0 —0, then m ^ oo, from Lemma 13.21 we deduce 

||£^«;(S)||2 <C r \\EUt)\\2t-^/^^{s - t)-'^/^^dt. 
Jo 

We obtain from Henry type Gronwall inequality that, 

Ew = 0 . 

Therefore Theorem 1.3 follows from Lemma 13.41 


5 Propagation of moments 

Proposition 5.1. If the initial data fo satisfies /o(l + |u|*^) G , /o € T°°, for some k >2, 
then there exists a weak solution to VPFP system satisfying f{t){l + |u|^) G L°°([0, T]; L^). 

Proof We split the proof into three steps. 

Stepl. 

The existence of solution f(t,x,v) is proved by F. Bouchut [2], since k > 2. The remaining 
part is to prove the propagation of moments. And again from F. Bouchut [2], the kinetic 
energy namely 2-order moment is preserved, and if denote the associated force field as E, then 

||i?(t,x)||oo <Ct-6/5. 

Notice that it is proper to assume that we are dealing with smooth solutions, by a standard 
limit argument. 

Denote the fundamental solution of 

dtf + v- dxf - /3divy{vf) - aA^f = 0, 
as H{x,v,t; xo,vo), and in fact 

exp{jT|T(l - e-^l“)\x\-‘- 

where x = x — {xq + ^(1 — e~^^)), v = v — uoe“^*, and D = hJAEil — ^ ^ ^ . 

Step2. 

Then by the same arguments in Proposition 12.31 we can prove the existence of fundamental 
solution F 3 to 

dtf + v ■ d^f + E ■ dyf - I3divy{vf) - aA^f = 0, 

and F 3 satisfies 

|F 3 (x,u,f;xo,uo,r)| < C(t - T)~5H{{x,v,t- t]Xo,vo). 


13 














The solution f{t, x, v) can be expressed by 



r 3 (x, V, t; xo,vo, 0)/o(xo, vo)dxodvo. 


Then, it is easy to see 

/ \v\^ f{t,x,v)dxdv 

= / r3{x,v,t-,xo,vo,0)\v\’'fo{xo,vo)dxodvodxdv 

.Jr<^ Jr<^ 

H{x, V, t] xo,vo)\v\^ fo{xo,vo)dxodvodxdv 


< j 

+ 


K® J\v\'>2\vQ\e^^^^ 


H{x, V, t] xo,vo)\v\^fo{xo,vo)dxodvodxdv 


< 


R® J 

^^3/10 f f H{x/2,v/2,t-,xo/2,vo/2)fo{xo,VQ)dxQdvodxdv 

Jr6 Jr6 

/ / H{x,v,t-xo,vo)\vo\’'fo{xo,vo)dxodvodxdv 

JR® JR® 

/o(l + |u|'') 


+ 


(5.19) 


where we have nsed \v\ H{x,v, t; xo,vo) < Ct^^‘^H{xj2, u/2, t; xo/2, vq/2). and 2 |u| > |u|, when 

> 2 |uo| 

StepS. 

In addition, from the proof of Lemma 4.3 in [7], we have 


dt 


^dxdv 


[ f{t,x,v){vf 
JR® 

- [ (v ■ dxf + diVxiE - (3v)f - aAyf){v)^dxdv 
JR® 

C [ \E\ f{v)^~^dxdv + /3{v)^f + af{v)^~‘^dxdv 

JR® 


<C||i7||3+, /(U)' 


fe +2 

fc+3 


+ C 


{vTf 


+ c 


fix. 


k-2 


After integrating the above formula in [0,t], it follows 

{v)''f{t) < {v)^fo + / ||^(s)||3+fc f{s){i 

1 1 JO 


fc +2 

fc+3 


+ 


{vrfis] 


ds 


+ 


fc f{s){v)^-^ 

JO 


ds. 


From [2], ||£' 


3+fc 


is integrable in [0, t], when /c < 6, in fact < Ct 6/5+9/27-^ from (I5.19jl . 


is also integrable in [0,t], thus 




<c, 


namely the moment propagates. 
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Appendix A. The proof of 7/(0) = 0 in Proposition 2.9 


Lemma A.l For any {n,m) G N x N, there exists C{n,m), such that for N > 1, 


Y 


Proof 

We take 


j(l + \v\)/S.yPn^m{v) < C{n,m)\\g \\2 as an example, the others are similar. 

We derive from Bernstein’s inequality that, 


{I + \v\)/^vPn,m.{v) ^g 


< C 

< c 

< c 

< c 

~ I 

< C2™|| 

<C2^^\\g\ 


^v[{v) Pn^m{v) ’^g] 


+ C 


dvPn,m{v) ^g 


+ C 


Pn,m.{v) ’^g 


A„F^,c”MVc) ^F.,Avr^9 


+ C 2 '’ 


Pn,m{v)-^g 


(Vc) 9] ^ + C2^\\9\\2 


((V^) d/) (F^Ayr^'g) 
2 + C 


2 


+ C 


(V^:) F,,,{v)-^g ^ + C2^\\g\\2 


Proof of r/(0) = 0 in Proposition 2.9. 

Before going to prove the claim in Proposition 2.9, we point out the following fact: from 
fundamental theorem of calculus, for (p in Schwartz class, in Y' it holds that, 

[ dt<pPn,m'nit)dt = - [ (fdtPn,m'nit)dt - Pn,m'ni0)(pi0), 


the integral are regarded in Bochner’s sense. We mention Pn^rn'n{0)p{0) G 
have Pn,m'n{0){v)~^ G for N sufficiently large, indeed 


in fact we 


Pn,mr]{0){v) ^ ^ = sup I Pn,mr]{0){v) ^g{x,v)dxdv 


n = l. 


< sup / g{0)Pn,m{v) ^gdxdv 


,=i. 


0=1 


< sup ||r/( 0 )||y, Pn,m{v) ^g 


Y 


< || 7 ?( 0 )||y,C(n,m), 


where we have used Lemma A.l. And similarly dt(pPn,m 9 {t)dt G (M®) , then — jJ" (pdtPn,m 9 {t)dt G 
L 1 (R 6 ), and 

[ dt(pPn,m'n{t) = - [ <pdtPn,m'n{t) - [ Fn,m??(0)<^(0). (5.20) 

dR6x[0,T] dR6x[0,T] JRS 

Now we turn to prove r/(0) = 0. From the definition of adjoint operator, we have for any 
p G D{L), any g G F(L*)we have 


'[o,r]xR6 


{dtp + V ■ dxP + F • dxP — fdv ■ d^p + aAxp)gdxdvdt 


(5.21) 
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X 


[0,T]xR® 


{—dtrj — V ■ dxrj — E ■ Oxf] + I3v ■ dyiTj + aAxr])(pdxdvdt 


Take (p = Pn,m‘P, = w{t)h{x)r{v), where h,r & S, w G C°°, and w(T) = 0. 

For ()5.2ip . direct calculations and the self-adjoint-ness of Pn,m implies 

I i,dtPn,m'p T V • dxPn,m.'p T E • dxPn,m'p 

J[0,T]xR6 

f3v ■ dyPn^m^ T ^AyPyi jYiLp^Tj 

= / {dtip + V ■ dxif + E ■ dx(p - fiv ■ dy(p + aAy(p)Pn,m'n 

j[o,r]xR6 

+ / {-dxE-^d^'ifE^ + pdyF-^di;^F<p)r] 

i[o,r]xR6 

T / ( Pn,mE • dy(p T E • 0vPn,m^)'n 

i[o,r]xR6 

=^1 + BI + B 2 

And from (|5.2Up and integration by parts, direct calculations indicate, 

/ if{0)Pn,m'n{0)dxdv 

iR6 

T / ( dtPn,md X • dxPn,mV ’ 9xPn,mV 

J[0,T]xR6 

+ f3v ■ dyEn yyid T ^AyPfi yiiTj^ip 

{-dtrj - V ■ dxrj - E ■ dxT] + I3v ■ dyi] + aAyr])Pn,m‘P 


=- 


ho,r]xR® 


+ 

+ 


'[o,r]xR® 


{dxF ^d(^^Fr] — /3dyF ^d(^^Fr])ip 

{Pn,mE • dyTJ E ■ dyPn^ynTf)(p 


j[o,r]xR® 

- / lf{0)Pn,m'n{^)dxdv 
JR® 

=A 2 + S 3 + ^4 - [ (p{0)Pn,mri{0)dxdv, 

Jr^ 


By Bernstern’s inequality, we have 


lim |Si| + |S 3 |= 0 . 

m,n^oo 


Indeed 


Si 


^ ^WvhWdx^hdt + ^WvhWdv^hdt 

c c 

— ^ II^3;<^||2,2Q0,T];L2) ll^llL2([0,r];L2) + ^ IIllL2([o,r];L2) II^11 L2([o^'r];L2) > 


S 3 is the same. 
And we claim 


lim IS 2 I + IS 4 I = 0 . 


( 5 . 22 ) 
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In fact, B 2 term follows from 


1^21 < / ||i?|| 


2 ll'/ll 2 


\Pn^m^v^ dv^\ dv 


dt+ IISl 


\dy(p\ dv 


\Pn,mr] - 


< 


\Pn^m^v^ ^1)^1 dv 




Il 2 ([o,T];L 2 ) 


L°°([ 0 ,r];L°°) 
/ \dy(p\dv 


ll^llL2([0,r];L2)||-£^|lL2([o^r];L2) 

II^IIl 2 ([o,T];L 2 )- 


L°°([0,T];L°°) 


The proof of -64 is the same. 

Then combining (j5.21l) = (j5.22p . (I5.21|) = Ai, (I5.22|) = A 2 , we deduce that 


lim 

n—>co m—>-co 


lim / ip{0)Pn mVWdxdv = 0. 


for any smooth <^( 0 ), therefore, we have proved lim lim PnmVi^) 0 ) ™ distribution sense, 

n^oo m—>-oo ’ 

but Pn,mVi^) ^(0) ill distribution, thus 7/(0) = 0. 
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